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Approximate exponential solutions Y w exp Sz’“’ of the operator equation 
aY/at = i/\A(t)Y are derived. When developed in powers of h, they agree 
with the perturbation expansion up to n-th order. Further, they have the 
following properties: (a) they are unitary when A(t) is Hermitian, (b) they are 
identical with the exact solution when A(t) commutes with its integral, (c) Qfi’/x 
is bounded under wide conditions when A(t) is Hermitian. Applications to 
physical problems are discussed. 
1. INTRODUCTION 
In physics and mathematics one frequently encounters differential equa- 
tions of the type 
; Y(t, to; A) = &4(t) Y(t, t,; A), qtcl,&J;q= 1, (1) 
where A(t) and Y(t, t,; A) are linear operators acting on a Hilbert space and 
depending on the real variables t, t, , and A. 
Cases in which the exact solution of Eq. (1) can be written, are very rare. 
In this paper we are concerned with algorithms for successive approximations 
of the evolution operator Y. To some extent our treatment is heuristic as we 
do not intend to consider in detail the problems of existence and convergence. 
Thus we admit, for instance, that infinite power series may only be asymp- 
totic expansions. 
The simplest method of constructing approximate solutions of Eq. (1) 
consists in taking partial sums of the perturbation expansion 
y = 1 + iI (ix)’ jIo A@,) do, j;; A(&) dt, j:: ... j;:-&, dt, , (2) 
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which is obtained from Eq. (1) by iteration. As is well known, this method 
does not suffice for many practical purposes. In the important case when d(t) 
is Hermitian, for instance, the partial sums taken from (2) do not conserve 
the unitarity of the exact solution Y. This generally restricts the validity of 
the approximations to undesirably small values of ! X / and / t -- t,, ’ . 
It has long been recognized that this handicap can be avoided by writing 1. 
as an exponential operator, 
Y(t, t,; A) = exp Q(t, t,; /\), (3) 
where the quantity to be determined is now the operator Sz. This problem is 
known as the “continuous analog of the Baker-Campbell-Hausdorff problem” 
[l, 21. A formal treatment of this problem, using abstract algebraic methods, 
has been described by Magnus [l]. In that paper also the question of existence 
of the operator 52 is discussed. The methods used so far to treat this problem 
explicitly, consist in looking for L? as a series expansion in powers of X, 
qt, t,; A) = f hkQk;2,(h 4J. 
k=l 
(4) 
A recursive procedure to calculate the different terms of the series (4) has 
been described by Wilcox [3]. More recently Bialynicki-Birula et al. [4] 
have derived explicit expressions for 52, for arbitrary k. 
The advantage of the exponential form (3) compared to the perturbation 
expansion (2) is at least two-fold. Taking partial sums up to equal order n 
(n b 1) of both series, (2) and (4), one finds that the approximation con- 
structed from (3) and (4) is superior to the corresponding approximation 
obtained from (2) in the following two aspects: 
(a) It is unitary when A(t) is Hermitian; 
(b) It is identical with the exact solution when A(t) commutes with its 
integral over t. In this case one has .& = 0 for k > 2. 
The purpose of this paper is to derive an algorithm for successive exponen- 
tial approximations of the form (3) which, apart from (a) and (b), have a 
further property of the exact evolution operator. This property may be 
formulated as followsl: 
1 The boundedness of O/X is formulated here under rather restrictive conditions 
because this facilitates a simple proof. The author expects this property to be true 
under considerably wider conditions. In particular, the assumption that the dimension 
of A is finite is made only because it guarantees that the unitary and Hermitian 
operators involved in the formalism can be diagonalized. All results remain valid for 
diagonizable bounded matrices with infinite dimensions. 
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(c) If A(T) is a finite-dimensional Hermitian matrix whose elements are 
continuous functions of 7 for t, < 7 < t, and if in this interval and for 
0 < h < h,(t, ta) (A1 < co) the solution Y(T, to; h) of Eq. (1) is diagonalized 
by a unitary matrix U(T, t,; h) which is differentiable with respect to 7, then 
one has Y = exp L? where Q(T, to; X)/h is bounded uniformly in the domain 
to < 7 < t, 0 < x < A,. 
The importance of this property of J2 arises primarily for the case h, = co. 
As can be seen from Eq. (4), none of the partial sums for Q/h with degree in A 
higher than zero remains bounded for h + co. 
In order to prove the statement (c), we write Y(,, to; h) in its diagonal 
form, 
D = U+YU, (5) 
and differentiate with respect to r on using Eq. (1) and the fact that U is 
unitary. The resulting equation is 
aD 
- = ihU+AUD + 
II 
D, 
au 
a7 
u+,] , 
where [,] denote commutator brackets. Since the second term on the rightside 
of this equation is off-diagonal, we immediately obtain a formal solution for 
W, to; 3, 
D = exp [ih Ilo (VAU), dT] , 
where the subscript d denotes “diagonal part of . . . .” From this we may 
transform back to Y [using Eq. (5)] and obtain Q(t, to; h): 
!S=iihU [s;, (VAU), d’] U’. (6) 
Taking the norm of both sides of this equation leads to the following upper 
bound for Q: 
This proves the property (c) for the exact evolution operator Y. In the next 
section we derive an algorithm for successive approximations of Y which 
under wide conditions conserve this property as well as properties (a) and (b). 
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2. APPROXIMATIONS WITH PROPERTIES (a), (b) AND (c) 
The approximations we are looking for in this section are of the exponential 
form (3). However, the direct series expansion (4) is to be avoided because 
it leads to unbounded approximations for the operator Q/A. Instead it turns 
out to be more convenient to expand the operator 
(7) 
For this purpose we put the expression (3) into Eq. (1) and use the operator 
differentiation formula [3] 
d 1 
_ eZ”’ = 
dt 
e”z’t’ d-w) __ e’l-~‘Z’t’ dx. 
0 dt 
This leads to 
J 
.1/z 
ezRre-xQ dx = iXA. 
-l/2 
We may solve this equation formally for r by taking matrix elements in a 
representation in which Q is transformed to a diagonal matrix a. Defining 
a s U92U, f  E utru, A”= UtAC, 
we get 
Pii, = iL&, -a - Qn,k 
2 sinh[(Qli - Ql,)/Z] ’ (8) 
where sZli , Q,, are eigenvalues of .Q. With the help of the Taylor expansion of 
x/sinh z for 1 z / < 7~, the expression (8) can be written in a form which is 
independent of the representation chosen above2; 
r = i/IA + iX f (- 1)” (’ (2n:I!;21z) &{@n, A}. 
?A=1 
Here B, are the Bernoulli numbers (B, = l/6, B, = l/30, B, = l/42,...), 
and {LP, A} denotes the repeated commutator bracket, defined by 
{CS’“+~, A} = [Q, {P, A}], {Q”, A} L- A. 
In writing Eq. (9) we had to make the assumption that none of the dif- 
ferences between any two of the eigenvalues of Q/i becomes equal to or 
s A similar series, but for an/at instead of r, has been derived in Refs. [l, 41 by 
different methods. The series derived there can also be established by the methods 
we have employed here to derive Eq. (9). 
EXPONENTIAL APPROXIMATIONS 407 
larger than 27~. However, if this assumption is not fulfilled, also one of the 
conditions of property (c) is not fulfilled. Indeed, if the denominator in Eq. (8) 
vanishes for some i, K, the matrices P and a.Q/at contain infinitely large ele- 
ments. Then D is not differentiable, and from Eq. (6) it follows that U also is 
not differentiable. 
In order to express r as a series in powers of A, we have to insert the cor- 
responding series for LJ [Eq. (4)] into Eq. (9). We then get 
r = f hkl-, ) 
k=l 
(10) 
where the first few terms are given by 
I’, = iA, r, = 0, r3 = - & IQ, , [Q, , A]], 
r, = - & 1% > P-4 , All - & [Ql , [Qn, , All, 
with 
For arbitrary n, I’,, may be expressed in terms of Sz, , Q, ,... C&-a . The Q, 
may either be taken directly from Refs. [3, 41 or may be calculated from Eq. 
(7) by recursion on using the results for Qn, , fin, ... Qk-, and r, , r, ,..., I’,C. 
We now define the sequences 
qn) = ihA + 2 h”[rk - (rk)d,-l], 
k=3 
(Q(,) = 0, rcl, = rcz, = iW, 
where subscript d, means “diagonal part of ... in a representation in which 
Q,,, is diagonal”, i.e. 
a~,, being a real diagonal matrix. 
In the expression for rcn) , (rk)dn-l in its turn may be expanded in powers 
of X (via the expansion for I’(,,)). Since (r - iL4),m vanishes as.a conse- 
quence of Eq. (9) (subscript d, denoting “diagonal part of ..* in a representa- 
tion in which 52 is diagonal”), the first term in the expansion of Ct==, Xk(rJdnml 
is at least of order 71 + 1 in A. Therefore, the expansion of rtn) agrees with 
408 VOSI,AhIBEK 
that of r [Eq. (lo)] up to order n. In this sense, the I’,,, constitute a sequence 
of successive approximations for r. 
Let us now solve Eq. (7) formally for Z’j6t, integrate over t, and use the 
resulting equation to construct successive approximations for Q by defining 
It can easily be seen that the series expansion of JN2) in powers of X agrees 
with that of Q [Eq. (4)] up to order n. Correspondingly, the series expansion 
of exp(@“)} agrees with the perturbation expansion (2) of Y up to order n. 
Furthermore, the approximations exp{S2(n)} have the properties (a) and (b), 
and, under a minor restriction specified below, also property (c). 
Property (a) follows from the fact that if A is Hermitian, so are iQcli) and 
irclc) (52, and r, being sums of repeated commutator brackets of anti- 
Hermitian operators), and thus also iQ cn). Property (b) is a trivial consequence 
of the fact that all operators involved in the formalism commute if A com- 
mutes with its integral over t. 
As to property (c), we at once turn to the case X - co, since the bound- 
edness of Qtn)/h for finite intervals of X follows immediately from the structure 
of the expression (11). We further note that the cases 71 = 1 and n = 2 are 
trivial (the latter because of r, = 0), since the exponential matrices in Eq. (11) 
are unitary. 
In order to find the asymptotic behaviour of Q(“)/h (n >, 3) for X ---L co, we 
represent Vtk)(C to; 4, Qck)(4 to; A), and rck)(t, t,,; X) by their asymptotic 
series expansions in powers of h-l; 
V(,) = f  PVj$ , a(,c) = A” i h-Q(‘:,‘, ) rtkj = hk f h-T{', . 
l=O I=0 l=O 
To order zero in h-l we have 
The asymptotic behaviour of Q(n) for X + co is therefore given by 
Qsz’“’ - A” 
s 
t V[$,j exp (n-1) 
to 1 - t An-lQ’o’ I 
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Since the exponentials are diagonal with imaginary exponents and the expres- 
sion between the exponentials is off-diagonal, any matrix element of the inte- 
gral is a sum of terms of the form 
wheref(r) is a continuous function of 7, and @~~,, ,9 is the p-th element of 
the diagonal matrix a:::,, , i.e. the p-th eigenvalue of the matrix Q,+,/i. 
For X---f co these terms decrease at least as K-” if none of the differences 
between any two of the eigenvalues of L?+, becomes stationary in the interval 
to < 7 < t. Therefore, if this condition and the validity conditions for 
property (c) of the exact evolution operator are fulfilled, LP)/h remains 
bounded as X tends to infinity. 
3. APPLICATIONS 
For applications of the above approximations to special problems one is 
interested in the practical consequences of properties (a)-(c). We first note 
that except for cases where the condition of property (b) is fulfilled, there is no 
gain in the order of /\ up to which the power series expansions of the approx- 
imate solutions are correct. Indeed, the expansions of exp(Q,,)} and exp{Q(n)} 
both are correct to n-th order in h so that from this point of view the two 
exponential approximations have no advantage over the n-th partial sum 
Yt,) of the series (2). However, when A(t) is a Hermitian matrix, property (a) 
involves a beneficial consequence, which, loosely speaking, may be expressed 
as follows: While the matrix elements of Yt,, , which are not bounded for 
growing X, may considerably deviate from those of the exact solution Y 
when 1 A 1 and 1 t - t,, 1 are not very small, the deviations of the elements of 
exp{Qt,,) and exp{LP)} are efficiently restricted by the fact that the norms of 
the column vectors of these two approximations remain equal to one. As a 
consequence, the magnitudes of their matrix elements are not subject to 
large changes, and one expects that they remain close to those of the exact 
solution in a wider domain of 1 h / and I t - t, / . 
Of course, property (a) only restricts the deviations of the magnitudes of 
the matrix elements and does not exclude large deviations of their phases. 
Now, in many problems dealing with Hermitian operators, A(t), (e.g., in the 
theories of quantum scattering, line broadening, etc.) the phases play an 
important role. For such cases we expect that an essential improvement is 
introduced by property (c), and that consequently the sequence exp{L?(“)} will 
yield better approximations of the evolution operator than the sequence 
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exp{Qn(,,}. Indeed, by ensuring that Q(‘“j/h is bounded, property (c) has a 
similar effect on the phase operator 9/2i as has property (a) on the evolution 
operator Y itself; i.e. when 1 h 1 and 1 t -- t, 1 are not very small, Qc,,/h may 
deviate substantially from Q/X because it is not bounded for growing X, 
while Qtn)/h is expected to remain close to Q/X in a wider region of X i and 
I t - to I . 
Equation (1) is relevant to many mathematical and physical problems, e.g., 
coupled or higher order ordinary differential equations, the Liouville equa- 
tion, the master equation, linear kinetic equations, the Bloch equation, and 
the Schr6dinger equation. 
A special form of the latter equation occurs in scattering problems. Let K 
be the Hamiltonian of a free particle, and AW a spherically symmetric scatter- 
ing potential which is to be added to K as a perturbation. The time evolution 
operator for the particle state in the interaction representation then obeys 
Eq. (1) with 
A(t) := - &KtWe-iKt. 
The phase shifts 6, of the scattered particle are obtained from the phase 
operator Q(co, - co; h)/2i by means of the equation 
(E, 2, m 1 f2 / E’, I’, m’) = 2&,4,,4(E - E’) S,(E), 
where, in an obvious notation, 1 E, I, VZ} denote the eigenstates of K. Using 
the approximation Sz GZ W), one is led to the following expression for 
&(E); 
S, m - TA (E, I,0 1 exp /$/l 
cc 
eiKtWe-iKt dt/ W 
j-2 0 
x exp l 2 s -rn 
In general, the further evaluation of this expression is not easy because it 
necessitates the diagonalisation of 
s 
0 
,iKtWe-iKt &. 
-cc 
This is equivalent to solving the singular integral equation 
y(E) = p j-m &(E - E’) W,(E, E’)y(E’) dE’, 
0 
where p denotes the eigenvalue of the problem, and 
~-(-‘&-~(E-E~)--&’ 1 , E - E’ 
W,(E, E’) = (E, I, 0 / W / E’, I, 0). 
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To close this paper, we mention a special problem of the Stark broadening 
theory of spectral lines [5], where we have made successful use of the approx- 
imation Y m exp{DC2)}, i.e., 
In this example, Y is the time evolution operator for the state of a radiating 
atom which undergoes a collision with a free classical electron. For collisions 
of medium strength, where second order perturbation theory [according to 
the expansion (2)] is not sufficient, the expression (12) still yields a satis- 
factory approximation. It is thus valid up to the regime of strong collisions 
where other existing models apply. 
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